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STUDIES IN STACILITY 

(C. A .  Desocr) 

( a )  RefinelT:mts of p r e v i o u s  s t a b i l i t y  r e s u l t s .  --I___ _-___I_.__- __I__ 

The g m e z a l  s t a b i l i t y  c x i t e r i o n  of Dcsoi3r-.Wu (I S C S j  -r-epi.;c~d tliat 

\&en c { s )  had a p o l e  a t  s = 0, t h e  r e s i d u e  mati'ix R had al.1 i t s  e igen-  

v a l u e s  i n  t h e  open r i g h t  h a l f  p1an.e. We have  been a b l e  t o  r e f i n e  tlie 

t e c h n i q u e  s o  t h a t  w e  show t h a t  s t a b i l i t y  caii b e  achieved  once R is  ncm- 

s i n g u l a r .  We are s t a r t i n g  t o  c o n s i d e r  the. case where R 2s s i n g u l a r .  

Recen t ly  i n  c o l l a b o r a t l o n  w i t h  M. Vi.dyasagar we have o b t a i n e d  

ex t r eme ly  general  n e c e s s a r y  ._ c o n d i t i o n s  f o r  t h e  s t a b i l i t y  of i; n-input 

11-outpu t sys tem where 

p = Ll - J: (Q, : P +  -+ 1R*)& 

A l e t t e r  t o  the. E d i t o r  €o r  the  Proc.  IEEE i s  'being w r i t t e ? .  A r e p o r t  

on the o t h e r  r e s u l t s  i s  be ing  p r e p a r e d .  

(b)  Basic s t u d y  f o r  t h e  mode l l ing  problem. 

W e  b e l i e v e  t h a t  t o  deep ly  unde r s t and  - n n l i n e  - r dynamical systems 

(and e s p e c i a l l y  t o  b e  a b l e  t o  u n d e r s t a n d ,  d e t e c t  and circumvent q u i r k s  of 

such sys t ems ,  a s  i n  t h e  c a s e  of "bad" models) i t  i s  n e c e s s a r y  t o  abandon 

t h e  i d e a  t h a t  t h e  motion t a k e s  p l a c e  i n  a l i n e a r  v e c t o r  space  and t o  

c o n s i d e r  t h e  motion as a f low on a d i f f e r e n t i a b l e  manfold.  For t h i s  

purpose w e  are engaged i n  a s t u d y  of d i f f e r e n t i a b l e  geometry. 
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PEW4LTP PLNCTION METHODS 

(K. Jeym asashearn and E.  Pols!.;) 

h e  of t h e  major  d i - f f i c u l c i e s  with p e n a l t y  functioxz methods i s  t h a t  

t h e  u n c o n s t r a i n e d  o p t i m i z a t i o n  problem becornes p r o g r e s s i v e l y  more a n d  

more ill c o n d i t i o n e d  as t h e  p e n a l t y  is i n c r e a s e d .  Some work t o  a l l e v i a t e  

t h i s  d i f f j - c u l t y  h a s  been done by J. Zangwill  and by P i ,  J. D. Powell.. 

While t h e i r  r e s u l t s  a r e  o f  c o n s i d e r a b l e  t h i o r e i i e a l  i n t e r e s t  t h e  u t i l i  - 
72*jn?1 5 ;  t h n s e  rt~-,’l_tc~ <P f--- x A rycyb- -.-?vn’n , .),A 4 to > I  th- L , , r  27-5, 

practical v a l u e  i s  d o i ~ b t r ~ l .  a t  prese1.t. We h a r e  bem working orL ~ a y a  of 

modifyii ig some of t h e  i d e a s  due t o  Z,ngwill and t o  Powel l ,  in s u c h  a wq7 

as t o  o b t a i n  well behaved, well c o n d i t i o n e d  p e n a l t y  f u n c t i o n  a l g o r i t h m s .  

ALGORITHM IMPLEMENT AT I ON 

(G. Meyer, R. R l e s s i g  and E .  Polak)  

Th i s  work is  concerned w i t h  t h e  c o z s t r u c t i o n  of techi i iqnes f o r  

deve lop ing  s t a b l e  approximat ions  t o  t h e o r e t i c l l  methods. By s tab le  approx i -  

mat ions  

p r o p e r t i e s  of t h e  t h e o r e t i c a l  a l g o r i t h r r s  f rom which t h e y  are d e r i v e d .  

we mean implementable a l g o r i t h m s  which r e t a i n  the convergexxe 
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ID t h e  l a s t  six months we have pre.pared three r e p o r t s  on t h i s  

s u b j e c t  [1]-[3].  Tlicse have alsu beci? submitt:cd f o r  p u b l i c a t i o n .  

The f i r s t  of t h e s e  p r e s e n t s  a new t echn ique  f o r  c o n s t r u c t i n g  s t a b l e  

approximat ions .  T h i s  i s  t h e  l a s t  p r o j e c t  i n  which G.  :?eyer p a r t i -  

c j p z t e d .  He h a s  c,btslned h i s  f h , D .  aild l r f t  since.. The second 

r e p o r t  USE'S some of o u r  p receed ing  r e s u l  t s  t o  c o i i s t r u c t  an iiriple- 

mentabl t3 s u p e r l i n c a r l y  converg ing  c o n j u g a t e  g-radicrit method ar,d 

t h e  t h i r d  r e p o r t  prcsents a new f e a s i b l e  d i r e c r i o n s  a l g o r i t h m  which u s e s  

f u n c t i o n  and g r a d i e n t  approximat  ions  and which can  b e  used  f o r  s o l v i n g  

e n g i n e e r i n g  d e s i g n  proglerns w i t h  c r i te r ia  such  as  "minimize th . r i se  t i m e  

+.lo times the peak overshoot"  of a s t e p  r e sponse ,  as well B S  c o n s t r a i n e d  

min max problems.  A t  p r e s e n t ,  we a re  p r e p a r i n g  a r e p o r t  on a g r a d i e n t  

niezhod f o r  s o l v i n g  cont inuous clpt:imni. c:ont.roi prob1~1'11s ~ which uses an  

adayt-ixc c:. i n t e g r a t i o n  si.ep s i z e .  ?'he integration i s  c o a r s e  &en f a r  f rom 

t h e  optimum and i t  i s  p r o g r e s s i v e l y  r e f i n e d  as t h e  corr,putation proceed:: 

Sample tests u s i n g  t h i s  a l g o r i t h m  show t h a t  i t  can b e  5 - 100 t i m e s  

f a s t e r  t h a n  the nonadap t ive  a l g o r i t h m  ( c u r r e n t l y  used  3 y  everybody) from 

which i t  is evolved .  

[l] R: K l e s s i g  and E .  Polak ,  " E f f i c i e n t  implementa t ion  of the Polak- 
R i b i g r e  c o n j u g a t e  g r a d i e n t  a l g o r i t h m , "  sEbmit ted  t o  SIM3 J o u r n a l  on 
C o n t r o l ,  ( a l s o  Xemorandum No. EFCL41279, August 1970) .  

[ 2 ]  R. R l e s s i g  and E .  Polak,  "A method of f e a s i b l e  d i r e c t i o n s  u s i n g  
f u n c t i o n  approximat ions ,  with a p p l i c a t i o n s  t o  min max problems," 
Memorandum No- EPJ;-M287 Novenber 1970 a 

[ 3 ]  G. Meyer and E ,  Polak ,  "Abs t rac t  model s for t h e  s y n t h e s i s  of op t imi-  
z a t i o n  a l g o r i t h m s  ) ' I  submit.ted t o  SIAM J o u r n a l  on C o n t r o l ,  ( a l s o  
Meinorandurn N o .  ERL41268, October  1 9 6 9 ) .  
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. *  . "  

U T E  OF CONVERGEXCE OF OPTLMIZBTION ALGrlRITISS 

(0  a P i r o n n e a a .  ani: E P o l a k j  

A few t e s t  probl.ems which we have c o n s t r u c t e d  show that  some of t h e  

best known methods of c e n t e r s  and of f e a s i b l c :  d i r e c t i o n s  do, n o t  converge 

2.j.nearl.y ~ 
we t i a t ~ c - ?  2ea~eic~peci ~ e w  n d i f  ica"i.ons of th~.se 

methods and  have shown t h a t ,  whi1.e t h e  new methods are soriiewhae: more 

~ e c a i ~ s e  of t h i s  

l a b o r i o u s  th-an the o l d  o n e s ,  t h e y  do converge  l i n e a r l y .  We axe i n  t h e  

p r o c e s s  of p repav ihg  two r e p o r t s  which d e s c r i b e  t h i s  work. 

The above i n d i c a t e d  a l g o r i t j  as are usu;lly used f o r  solvixg non- 

l-knenr programming problems. We are i n  the p-roccss of ex tend ing  them s o  

t h a t  t h e y  can  a l s o  h e  used  t o  s o l v e  c e r t y i n  c o a s t r a i n e d  op t ima l  c o n t r o l  

problems, and so t h a t  t h e i r  l i n e a r  rare of convergence i s  p r e s e r v e d .  

STUD TEs ST~T~IXJI'YJ' 

(D ISaranjpe and P .  Vara iys )  

In c o n v e n t i o n a l  sys tem t h e o r y  ( l i n e a r  and n o n l i n e a r ) ,  t h e  s t n t e -  

space  i s  always assuined t o  be a v e c t o r  s p a c e .  H o w e v e r ,  i n  many i n t e r e s t i n g  

p h y s i c a l  systems t h e  s ta te  i s  r e s t r i c t e d  t o  l i e  on a manifo ld  i n  t h i s  

v e c t o r  s p a c e .  T y p i c a l  cases arise as a r e s u l t  of c o n s e r v a t i o n  laws i n ,  

s a y ,  lossless e l e c t r i c a l  ne tworks  o r  c o n s e r v a t t v e  mechanica l  s y s t e m .  

Thus, the  s ta te  may be  r e s t r i c t e d  t o  l i e  on a l i e  subgroup of t h e  group 

of 11 x n n o n s i n g u l a r  m a t r i c e s ;  t h i s  group li*s i n  t h e  v e c t o r  space of all 

n x n matrices. Another example i s  when the s ta te  i s  r e s t r i c t e d  t o  l i e  

on an n-sphere which i s  d i f f eomorph ic  t o  t h e  c o s e t  s p a c e  SO(n+l)/SO(n), 



wherc SO(n)  i s  t h e  set  of a l l  n Y, n orthogonal.  m a t r i c e s  witl t  d e t e i m i n a n t  

= 1. 

Hence i t  is  i c t e r e s t i n g  t o  s t u d y  dynai i ical  sys tems d e f i n e d  on group 

manifoidr; .  8. W .  E r o c k e t t  has s t u d i e d  dynamico: Pystercs of the form 

where X l i e s  i n  a L i c  subgroup of GL(n) . 
Ne sre i n v e s t i g a t i n g  p o s s i b l e  g e n e r a l i z a t i o n  of h i s  results. W e  

hop? t o  o b t a i n  r e s u l t s  ana logous  t o  t h o s e  o b t a i n e d  i n  c o n v e n t i o n a l  sys tem 

t h e o r y  i n  t h i s  more g e n e r a l  s e t -up .  

___-__-.. _" __111-1_1-_-____111_----------------------------- 

where A i s  a s q u a r e  m a t r i x  of z e r o s  and ones ,  d is  t h e  o r d e r  of A, and 

t h e  o p e r a t i o n  of a d d i t i o n  and m u l t i p l i c a t i o n  are Boolean. Sums o f  t h i s  

form occur  i n  a v a r i e t y  of a p p l i c a t i o n s ,  among them t h e  a n a l y s i s  of flow- 

c h a r t s  and programs, and t h e  computation of t h e  t r a n s i t i v e  c l o s u r e  of a 

b i n a r y  r e l a t i o n .  

The a l g o r i t h m  may b e  s t a t e d  as f o l l o w s .  L e t  T .  b e  a t r a n s f o r m a t i o n  
I 

which takes a s q u a r e  m a t r i x  B i n t o  a s q u a r e  m a t r i x  C ,  w i t h  t h e  e l emen t s  



of C r e l a t c d  t o  t h o s e  of B by  t h e  e q u a t i o n  ( A  = Boolean prcduct3 = 

Boolean sum) 

(2) c = b v(bmi A b .  ) mn mn 7- n 

-9" 

Then i t  can  be proved tha t  k i s  g i v e n  b;; 

?k 
A = l- T T1 A d d-?L 

A problem which a r i s e s  i n  decis ion-making i n  a fuzzy  env i ronxen t  [ Z ]  

i n v o l v e s  t h e  s o l u t i o n  of an eqiiaLion of t h e  form 

w = AW 4- b 

where A i s  a s q u a r e  m a t r i x  and w and 73 are column-vectors whose e l e a e n t s  

.I . 4 . ;  axe real. numbers I n  t h e  intervel [ 0,J. J 1.Ti.t.h the  o p e r a t i o n s  of adai  LL On 

easy  L O  show t h a t  t h e  s o l u t i o n  of ( 4 )  is  -given by 

(5) w = (Ad-' 3- Ad-2 4- . *  4- I ) b  

whose d is  t h e  o r d e r  of  A. Thus, t o  compute '(ir one can employ a gene ra l -  

i z e d  form of W a r s h a l l ' s  a l g o r i t h m  i n  which t h e  e l emen t s  of A are real  

numbers i n  t h e  i - n t e r v a l  [0 ,1 ]  and t h e  o p e r a t i o n s  of a d d i t i o n s  and 

m u l t i p l i c a t i o n s  r e p r e s e n t  V and A I n  t h i s  a l g o r i t h m ,  (2) i s  rep]-aced 

by 

c = s t r o n g e s t  c h a i n  of l e n g t h  - < 2 p a s s i n g  
mn 

through I and l i n k i n g  m and n .  
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T h e  u. i l . id i ty  of this al.gorithm l rns  been established, 2nd varS.ous apy1i.- 

cat:ior!s of i t  are under  s t u d y .  

[1] S. Warsha l l ,  "A Theorem on Eoolean Matrices," J o u r .  Assoc. for 
Computing i"lachi.nery , pp 11-12, 196% 
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